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Abstract
In this paper we discuss the topics concerning the local excitation and coherent state in 2D
CFT. It is shown that the local excitation of primary operator can be taken as a coherent state of
the global conformal group. We also discuss the entanglement property of such state. For rational
CFT the entanglement entropy between the holomorphic and anti-holomorphic sector of the local
excitation of some primary operator is related to the quantum dimension of the operator, consistent
with previous approach, but by a different method. We comment on the possible application of so-
defined group coherent state in the holographic view.
We also study the coherent state in the free massless boson field, their time evolution and
entanglement property. We introduce the deformed local excitation and the entangled state con-
structed by them. It is shown the violation of Bell inequality for such entangled state.
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1 Introduction
The coherent state of radiation field is an important concept in quantum optics after the work of
Glauber[1][2]. Glauber constructed the the term coherent state as the the eigenstates of the annihi-
lation operator of the electromagnetic field. This is same as Schro¨dinger’s original idea of the most
classical state for quantum harmonic oscillators. It is soon realized that the concept of the coherent
state can be generalized to arbitrary Lie groups[3][4]. The so-called group coherent states have various
properties similar to the coherent state of quantum harmonic oscillator. They can also be realized in
some real physical systems. Nowadays the coherent states have many different application, such as
condensed matter physics, nuclear physics, thermodynamics and so on, see [5][6][7].
On the other hand, recently, the locally excited state of a primary operator in field theory and its
entanglement property are well studied by many authors, such as in the free theory[8][9][10], in 2D
2
conformal field theory with or without boundary[11][12], in theory with holographic dual[13][14], and
in thermal field[15][12]. Even the descendent operator in 2D CFT is also studied by [16][17]. The
entanglement property means the entanglement between the left and right side of the point where
inserting the operator, see the cited papers for more details. The entanglement can be explained by
the quasi-particle excitation in the corresponding theory. In this paper we mainly focus on the 2D
conformal field theory. In the free theory we study the time evolution of locally excited state, which
is defined as the “Glauber” coherent state, even under a time dependent Hamiltonian. To discuss the
entanglement properties more clear we introduce the so-called deformed local excitation, which can
be taken as exciting the vacuum in a finite region, not a point. For the general conformal field theory
any primary operator excitation can be mapped to a coherent state of the global conformal group
SL(2, C). The entanglement entropy between the holomorphic and antiholomorphic sector is shown
to be independent with the coordinate. We also argue the entanglement entropy is related to the
quantum dimension of the primary operator, which is consistent with the approach by replica trick
in [11]. The fusion relation of the operators in CFT makes the corresponding states have the similar
property. The local excitation behaves as the anyons[18], to obtain the result we use the property of
anyons.
In section 2 we review the definition of coherent state of quantum harmonic oscillator. In section
3 we set up the locally excited state in field theory. In section 4 we study the “Glauber” coherent
state defined in 2D free massless boson theory, its physical property and evolution under the free or
time-dependent Hamiltonian. In section 5 the entangled coherent state is discussed in detail. We
also define the deformed coherent state, and the entangled states constructed by it. The violation of
Bell inequality for the entangled state is also briefly discussed. In section 6 the relation between a
group coherent state and local excitation is given for general conformal field theory. In section 7 the
entanglement entropy of the local excitation is obtained by considering the fusion relation of primary
operator. Section 8 gives short comment on the holographic view on the coherent state. Last section
is the conclusion and further application of this paper.
2 Coherent state
The concept of what is now called coherent state was first introduced by Schro¨dinger for quantum
harmonic oscillator. The quantum harmonic oscillator can be constructed by the annihilation operator
a and creation operator a†, which satisfies the commutation relation [a, a†] = I. The set of operator
{a, a†, nˆ ≡ a†a, I} spans a Lie algebra, which are generators of Heisenberg-Weyl groupH4. The Hilbert
space is spanned by the eigenstates of the number operator nˆ, and the vacuum is defined by nˆ |0〉 = 0.
There are three different ways to define the coherent state for quantum harmonic oscillator[1]. Here
we follow [3][5] to construct the coherent states, which is easy to generalize to any Lie group.
We choose the vacuum |0〉 as the reference state. A general element of the Lie algebra can be written
as
θI + ξnˆ+ αa+ α∗a†, (1)
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where θ, ξ, α are arbitrary complex number. For H4 there is a subgroup which leaves the reference
state |0〉 invariant up to some phase. This subgroup G is generated by {nˆ, I}. The corresponding
group element is obtained by the exponential mapping
h = eiθI+iξnˆ. (2)
Thus we have
h |0〉 = eiθ |0〉 . (3)
The coherent states are related to the coset space with respect to subgroup G0, i.e., H4/G0. The
elements in such coset group are
D(α) = eαa
†−a∗a. (4)
Thus the coherent states are the set of vectors |α〉 with
|α〉 = D(α) |0〉 . (5)
This is one of definitions of the coherent state given by Glauber [1]. It is well known that such state
are nonorthogonal with each other,
〈α|α′〉 = eα∗α′− 12 (α∗α+α′∗α′). (6)
It is also an eigenstates of the annihilation operator a,
a |α〉 = α |α〉 . (7)
3 Set-up of local excitation
In this section we will study the locally excited state of some primary operator O in 2D CFT. We
assume the Hamitonian of the CFT isH0. One could obtain the local excitation by interaction between
specific operator O and external time-dependent source, via the Hamiltonian Hint,
Hint = ǫ(t)O(x), (8)
where the operator is inserted at x. We will assume that the coupling function ǫ(t) is small, the
external source is turned on during time 0 < t < T . With this one could get the time evolution
operator U in the interaction representation as
U(t, 0) = e−iH
I
int
= e−i
∫
t
0
ǫ(t)OI (x,t)dt, (9)
where the superscript “I” means the corresponding operator in the interaction representation. The
initial state is assumed as the vacuum |0〉. So final state after the interaction is
|T 〉 = U(T, 0) |0〉 (10)
4
≃ |0〉 − i
∫ T
0
ǫ(t)OI(x, t)dt |0〉
= |0〉+NO(x) |0〉 ,
where N is constant. This state can be seen as a perturbation of the vacuum. In the following we will
focus on the perturbation part and consider the time evolution of the state O(x) |0〉 by U0 = e−iH0t.
The state at time t is
|ψ(x, t)〉 = U0O(x) |0〉 = O(x, t) |0〉 , (11)
where O(x, t) ≡ U0O(x)U †0 . If we continue to Euclidean space, with t → −iτ , the space can be
described by a complex coordinate ω = τ + ix. The operator O(x, t) is denoted as O(ω, ω¯).
4 Free boson
The free boson is the simplest example of 2D CFT, which is also the building blocks of more com-
plicated models. Let φ(x, t) be a free Bose field defined on cylinder of circumference L, with the
condition φ(x+ L, t) = φ(x, t). The action is
S =
1
8π
∫
dxdt∂µφ∂
µφ. (12)
The Hamiltonian is
H =
1
8π
∫
dx[(∂tφ)
2 + (∂xφ)
2]. (13)
By the canonical quantization the mode expansions of φ at time slice t = 0 is
φ(x, t = 0) = φ0 + i
∑
n6=0
1
n
(an − a¯−n)e2πinx/L, (14)
with the associated commutation relations
[an, am] = nδn+m, [an, a¯m] = 0, [a¯n, a¯m] = nδn+m. (15)
Then the Hamiltonian (13) is
H =
2π
L
π20 +
2π
L
∑
n6=0
(a−nan + a¯−na¯n), (16)
where π0 is the momentum conjugated to φ0, which satisfies [π0, φ0] = i. The time evolution of φ is
φ(x, t) = A+ A¯, (17)
where
A = φ0 +
4ππ0t
L
+ i
∑
n6=0
1
n
(ane
2πin(x−t)/L), (18)
A¯ = −i
∑
n6=0
1
n
(a¯−ne2πin(x+t)/L) (19)
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4.1 Coherent state for Boson field
The free boson field can be seen as infinite decoupled quantum harmonic oscillators. So we could
define the coherent state by
|α〉 = eiφ(x,t=0) |0〉 = Nαe
∑
n>0
1
n (a−ne
−2piinx/L+a¯−ne
2piinx/L) |0〉 , (20)
where α refers to the parameters associated to an and a¯n in (14),
Nα ≡ e−
∑
n>0
1
n . (21)
It is also a local excitation by the operator O = eiφ. If the Hamiltonian is the free one (13), at any
time t, the state (20) evolutes to
|α(t)〉 = eiφ(x,t) |0〉 = Nαe
∑
n>0
1
n (a−ne
−2piin(x−t)/L+a¯−ne
2piin(x+t)/L) |0〉 , (22)
where α(t) denotes the parameters associated to an and a¯n . Thus once we obtain a coherent state
like (20), it will always be a coherent state. In fact we could abandon the condition that the state
evolutes by the free Hamiltonian (13), but use the more general time-dependent Hamiltonian,
H1 = ω(t)H +
∑
n
λn(t)
∫
dxφ(x, t = 0)e2πinx/L + f(t)
=
1
8π
∫
dx[ω(t)((∂tφ)
2 + (∂xφ)
2) + 8πΛ(x, t)φ(x, t = 0)] + f(t), (23)
where ω(t), λn(t), and f(t) are time-dependent function, we also define Λ(x, t)
Λ(x, t) =
∑
n
λn(t)e
2iπnx/L, (24)
as the inverse Fourier transformation of λn.
Let’s work in the Heisenberg picture, and assume the initial state is the coherent state (20). The time
evolution of the operator an(t) satisfy
i
dan(t)
dt
= [an(t), Hˆ1], (25)
where Hˆ1 is the corresponding operator of the Hamiltonian (23), and an(t = 0) = an. We want that
the state (20) at time t is still a coherent state, which means it is still eigenstate of the operator an(t).
Taking (23) into the Heisenberg equation (25) we have
dan(t)
dt
= −i2nπω(t)
L
an(t) + Lλ−n(t). (26)
One could obtain the solution as
an(t) = e
−iψn(t)an + αn(t), (27)
where
ψn(t) =
2πn
L
∫ t
0
ω(t′)dt′, αn(t) = Le−iψn(t)
∫ t
0
dt′λ−n(t′)eiψn(t). (28)
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We could also obtain the equation of motion for a¯n,
da¯n(t)
dt
= −i2nπω(t)
L
a¯n(t) + Lλn(t), (29)
the solution
a¯n = e
−iψn(t)an + α¯n(t), (30)
with
α¯n(t) = Le
−iψn(t)
∫ t
0
dt′λn(t′)eiψn(t). (31)
As an(t) is linear function of an (20) is still an eigenstate of an(t) with eigenvalue βn(t)
β+n(t) = e
−2πinx/L−iψn + αn(t). (32)
So is a¯n(t), with the eigenvalue
β¯+n = e
2πinx/L−iψn + α¯n(t). (33)
For the mode φ0, the result is
φ0(t) = φ0 +
4ππ0
L
∫ t
0
ω(t)dt. (34)
In the Schro¨dinger picture it is not easy to write down the final state after the evolution. But since
it should be the eigenstate of an, one could guess it must have the form
|α(t)〉 = eiΦ+(t)N+βe
∑
n>0
1
n (a−nβ+n(t)+a¯−nβ¯+n(t) |0〉 , (35)
where N+β is the normalization constant, Φ+(t) is a real function.
To be useful later we also define the coherent state
|−α〉 = e−iφ(x,t=0) |0〉 , (36)
which is different from (20) just by the sign. Following the same method we used above one could get
the final state under the evolution of the time dependent Hamiltonian (23),
|α(t)〉 = eiΦ−(t)N−βe
∑
n>0
1
n (a−nβ−n(t)+a¯−nβ¯−n(t) |0〉 , (37)
where we also define
β−n(t) = −e−2πinx/L−iψn + αn(t), β¯−n = −e2πinx/L−iψn + α¯n(t), (38)
and N−β is the normalization constant.
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4.2 Physical behavior of such state
The coherent state defined in the quantum harmonic oscillator has the good property to describe its
classical motion. This can be seen by calculating the expectation value of the position and momentum
operators in the coherent state. They indeed behave as the position and momentum of the classical
harmonic oscillator[5]. This property is further generalized to more complex case in the classical limit
~ → 0[19] or large N limit[20]. Here we would like to show that the coherent state (20) behaves as
qusi-particles, which is consistent with the physical intuition for the local excitation.
Unlike the harmonic oscillator the coordinates of the field theory phase space are usually not good
physical observables. To see the “classical” behavior of the coherent state (20), we would like to use
the energy and momentum density H,P as the observables. We will work in the Schro¨dinger picture.
In the free field theory they are defined by
H(x) = 1
8π
[(∂tφ(x, t = 0))
2 + (∂xφ(x, t = 0))
2]
=
π
2L2
∑
n,m
[aname
2iπx(m+n)/L + a¯na¯me
−2iπx(m+n)/L] (39)
P(x) = − 1
8π
[∂tφ(x, t = 0)∂xφ(x, t = 0)]
=
π
2L2
∑
n,m
[aname
2iπx(m+n)/L − a¯na¯me−2iπx(m+n)/L]. (40)
At time t the coherent state evolutes to (17). We assume it is properly normalized. It is eigenstate of
an (n > 0),
an |α(t)〉 = −e−2πin(x−t)/L |α(t)〉 , (41)
also
〈α∗(t)| a−n = −e2πin(x−t)/L. (42)
Let’s rewrite (39) as
H(x′) = π
2L2
∑
k≥0,l≥0
[
akale
2πix′(k+l)/L + a−ka−le−2πix
′(k+l)/L + a−kale2πix
′(−k+l)/L + a−lake2πix
′(k+l)/L
]
+
π
2L2
∑
k≥0,l≥0
[
a¯ka¯le
2πix′(k+l)/L + a¯−ka¯−le−2πix
′(k+l)/L + a¯−ka¯le2πix
′(−k+l)/L + a¯−la¯ke2πix
′(k+l)/L
]
+ C, (43)
where C is as constant. So we obtain
〈α∗(t)| H(x′) |α(t)〉 = 2π
L2
∑
k≥0,l≥0
[sin(
2πk(x′ − x+ t)
L
) sin(
2πl(x′ − x+ t)
L
)] (44)
=
1
8π
[δ(x′ − x+ t)2 + δ(x′ − x− t)2].
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The energy density is located at the position x′ = x − t and x′ = x + t as we can see from the delta
function in the result. At t = 0 the energy density is produced at x, where the local operator is
inserted. At time t the energy density propagates to x′ = x + t and x′ = x − t. Thus the velocity of
the propagation of energy is v = 1.
For P it is straightforward to get
〈α(t)∗| P(x′) |α(t)〉 = 1
8π
[δ(x′ − x+ t)2 − δ(x′ − x− t)2], (45)
the only difference with 〈H〉 is the minus sign, which means that the direction of the energy propagation
at x′ = x − t and x′ = x + t is converse. This is consistent with our physical intuition on the local
excitation.
5 Entangled coherent state
As we show in the above section the coherent state (17) can be explained as two quasi-particles which
spread to two different direction. But these two quasi-particle are not entangled with each other, since
the wave function can be written as a product state. To obtain a entangled state one could use the
operator O = λ1e
iφ +λ2e
−iφ. Here we will focus on the typical one O = eiφ ± e−iφ. Thus at t = 0 we
get a state
|α,−α〉 = [eiφ(x,t=0) ± e−iφ(x,t=0)] |0〉 . (46)
At time t it becomes the state
|α(t),−α(t)〉 = [eiφ(x,t) ± e−iφ(x,t)] |0〉 , (47)
if we assume the Hamiltonian is the free one (13). One can also show that the energy and momentum
density expectation value is same as (44) and (45), which means that we still obtain two quasi-
particles. This can be seen as the entangled coherent state, which is studied by many authors, see the
review [21] and the references therein. These state are also called by quasi-Bell state, which has two
nonorthogonal states |α1〉 and |α2〉 such that 〈α1|α2〉 = κ. We have the following quasi-Bell states
|Ψ±〉 = N±(|α1〉A |α1〉B ± |α2〉A |α2〉B), (48)
where N± is the normalization constant, A,B are two subsystem. The entanglement entropy of such
states are
S(|Ψ+〉) = − (1 + κ)
2
2(1 + κ2)
log
(1 + κ)2
2(1 + κ2)
− (1 − κ)
2
2(1 + κ2)
log
(1 − κ)2
2(1 + κ2)
, (49)
S(|Ψ−〉) = log 2. (50)
Thus |Ψ−〉 is always a maximal entangled state, however |Ψ+〉 is maximal entangled states only for
κ = 0 or ∞.
The entangled coherent state (47) can be rewritten as
|α(t),−α(t)〉 = |α〉 |α¯〉 ± |−α〉 | − α¯〉, (51)
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where we define |±α〉 and |±α¯〉 as
|α〉 = eiA |0〉 , |α¯〉 = eiA¯ |0〉 , |−α〉 = e−iA |0〉 , |−α¯〉 = e−iA¯ |0〉 . (52)
We refer the states |±α〉 and |±α¯〉 to the wave function of quasi-particles located at x′ = x − t and
x′ = x+ t respectively. They are orthogonal to each other, i.e., 〈α∗| |α¯〉 = 0. Such states are properly
normalized and
κα ≡ 〈α∗ |−α〉 = 〈α¯∗ |−α¯〉 = e−
∑∞
n=1 2
1
n . (53)
Thus the state (51) is as the same form as (48), with the normalization constant N± = 1/
√
2± 2k2α.
Since κα → 0 we get the entanglement entropy is log 2, which is maximal entangled state.
One could also assume the initial state (46) evolves under the time-dependent Hamiltonian (23). At
time t the entangled state becomes
|α˜(t),−α˜(t)〉 = eiΦ+N+β |α˜〉 | ¯˜α〉 ± eiΦ−N−β |−α˜〉 |− ¯˜α〉 , (54)
where
|±α˜〉 = e
∑
n>0
1
na−nβ±n(t) |0〉 , |± ¯˜α〉 = e
∑
n>0
1
n a¯−nβ¯±n(t) |0〉 , (55)
this is a complex expression which depends on the parameters ω(t), Λ(x, t), and the coordinates. In
the case when Λ(x, t) is zero, i.e., there is no linear source, the result is same, the state is maximally
entangled. Because in this case β±n are just phase, they satisfy β+n ∗β−n = 1, thus the product of the
state 〈α˜∗| and |−α˜〉, 〈α˜|− α˜〉 is still κα → 0 (53). But when Λ(x, t) 6= 0, the result will change, κα 6= 0.
The states |Ψ±〉 are not the standard Bell state. Even for the − sign case of (54) it is not a maximally
entangled state. We could say that the linear source would decrease the entanglement in this example.
In some experiment one could construct the entangled state similar as (51) for photons, it may be
interesting to work out the entanglement response to source perturbation in such real system.
5.1 Deformed local excitation
The local excitation state (20) is defined at some spcetime point. But in the physical experiment
one do not expect the measure or operation is located at a point, but some spacetime region. This
is also one of the motivation to introduce the observables in finite region O in algebraic QFT[25].
The strategy is using the test functions f(x), which is C∞ functions of rapid decrease. And all the
observables are constructed by the smoothed field
∫
f(x)φ(x)dx. One could define the observables
belonging to some subregion O by requiring the support of f(x) is O. Thus we define the deformed
local excitation located at some region O for free scalar by
|α〉D = Ne
∫
O
f(x)φ(x)dx |0〉 , (56)
where we use the subscript of the integral O to denote that the support of the test function f(x) is
O, N is the normalization constant. When f(x) = iδ(x − x0) we get the local excitation (20). Here
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we assume the region O is a interval whose middle point is x0, and f(x) is real. By using the mode
expansion (14) we could rewrite (56) as
|α〉D = NeLφ0f0+iL
∑
n 6=0
1
n f−n(an−a¯−n), (57)
where fn is the Fourier transformation of the test function f(x),
fn =
1
L
∫
O
dxf(x)e−2iπnx/L. (58)
If we assume the Hamiltonian is (13), at time t this state becomes
|α(t)〉D = N(t)eLf0(φ0+
4pipi0t
L )+iL
∑
n 6=0
1
nf−n[ane
−2piint/L−a¯−ne2piint/L], (59)
where N(t) is the normalization constant. One could calculate the energy and momentum density as
section 4.2, the result is
D 〈α(t)∗| H(x′) |α(t)〉D ∝
∑
k,l
fkfle
2πi(k+l)(x′+t)/L +
∑
k,l
fkfle
2πi(k+l)(x′−t)/L. (60)
By using (58) one could see 〈H(x′)〉 is non-vanishing if and only if x′ = x − t or x′ = x + t for some
x ∈ O. The energy density is proportional to f(x)2. Thus at time t the energy density is located at
region O + t and O − t. For the momentum density we could get similar result, but the momentum
density at O+ t and O− t have converse sign. The local excitation behave as two wave packets which
spread in two converse direction. But the density is not divergent. When f(x) = iδ(x−x0), we obtain
the result(44)(45).
It is straightforward to define the entangled state by the deformed local excitation state(56),
|α(t),±α(t)〉D = N±[e
∫
O
f(x)φ(x,t)dx ± e−
∫
O
f(x)φ(x,t)dx] |0〉 , (61)
where N± is the normalization constant. This state also behaves as two wave packets located at region
O + t and O − t. These two wave packets are described by
|α(t),−α(t)〉D± = N±(|α〉D |α¯〉D ± |−α〉D |−α¯〉D), (62)
with
|±α〉D = e±
∫
O
f(x)A |0〉 , (63)
|±α¯〉D = e±
∫
O
f(x)A¯ |0〉 , (64)
where A and A¯ are defined by (18). We have
κD =D 〈α∗| − α〉D =D 〈−α∗|α〉D = e−2L2
∑
n>0
1
nfnf
∗
n . (65)
The normalization constant N± = 1/
√
2 + 2κ2D. Thus we could obtain the entanglement entropy for
the state |α(t),−α(t)〉D− is log 2, which is still maximally entangled state. But the entanglement
entropy of state |α(t),−α(t)〉D+ is
S+ = − (1 + κD)
2
2(1 + κ2D)
log
(1 + κD)
2
2(1 + κ2D)
− (1− κD)
2
2(1 + κ2D)
log
(1− κD)2
2(1 + κ2D)
. (66)
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5.2 Violation of Bell’s inequality
The Bell inequality concern measurement made by observers located at two spacelike region, which is
used to distinguish the local realism theory and quantum mechanics. The violation of Bell inequality
reflects the entanglement property of the state. Even in the vacuum of a quantum field theory it
is shown by [23][24] that the Bell inequality is violated. We would like to study the Bell inequality
for the locally excited states. For some local excitation, e.g., (51), we expect the violation of Bell
inequality, since such states are entangled. We will mainly concern on the deformed local excitation
|α(t),−α(t)〉D− (62) in the free theory. We will follow the construction of the Bell operator of two-
particle nonorthogonal states in [22]. The state |α(t),−α(t)〉D− can be expressed in the Schmidt
form
|α(t),−α(t)〉D− = λ1 |+〉A |+〉B + λ2 |−〉A |−〉B , (67)
with |λ1|2+ |λ2|2 = 1. As we have shown in section (5.1) the state |α(t),−α(t)〉D− is the “local” state
defined in the region O + t and O − t. If we assume Alice and Bob do the experiment, they should
make the measure inside the region O + t and O − t respectively, or they will get a trivial result.
For simplicity we assume Alice and Bob choose the Hermitian operators which are constructed by
projectors for the states |±〉A(B).
One could obtain the orthogonal basis for Alice and Bob
|+〉A = NA+(|α〉 + |−α〉), |−〉A = NA−(|α〉 − |−α〉),
|+〉B = NB+(|α¯〉 − |−α¯〉) , |−〉B = NB+(|α¯〉+ |−α¯〉), (68)
where NA± = 1/
√
2± 2κD, NB∓ = 1/
√
2± 2κD, λ1 = λ2 = 1√2 . The Hermitian operators which
have eigenvalues ±1 can be written as the general form
Θˆ = cosϕ[|+〉 〈+| − |−〉 〈−|] + sinϕ[eiθ |+〉 〈−|+ e−iθ |−〉 〈+|]. (69)
With this one could get the Bell operator
Bˆ = ΘˆAΘˆB + ΘˆAΘˆ′B + Θˆ′AΘˆB − Θˆ′AΘˆ′B (70)
For the choices
ϕA = 0, ϕ
′
A = π/2,
ϕB = ϕ
′
B −
π
2
= ϕ0, θ = 0 (71)
The expectation value of the Bell operator for the deformed entanglement coherent state |α(t),−α(t)〉D−
is
B ≡D− 〈α(t)∗,−α(t)∗| Bˆ |α(t),−α(t)〉D− = 2(sinϕ0 + cosϕ0), (72)
the maximal value is 2
√
2 when ϕ0 = π/4. The state |α(t),−α(t)〉D− violates the Bell’s inequality
maximally. One could follow the similar process and obtain the violation of Bell inequality for the
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state |α(t),−α(t)〉D+, not maximally of course.
It is known that the Bell’s inequalities are violated in the vacuum state of quantum field theory for
two spacelike regions, see, e.g., [23][24]. Here we show that the Bell’s inequalities are violated for
the local excitation state of the special operator. In the vacuum the maximal expectation value of
the Bell operator ia s decreasing function of the spacelike distance between two regions because of
the clustering property. Here Alice and Bob do the experiment at region O + t and O − t, which
are spacelike. The expectation value of the Bell operator is not related to the distance. This is also
consistent with our conclusion that the entanglement entropy of the local excitation is independent
with the coordinates, but just the information of the operator, see the next section. It can be seen as
the topological property of the local excitation.
6 General CFT
The free theory can be seen as infinite decoupled quantum harmonic oscillator. The coherent state
defined by (20) and the entangled coherent state defined by (51) is a generalization of the one quantum
harmonic oscillator. But these so-called vertex operators are just one kind of the primary operators
in the free boson CFT. One would wonder whether the other operators, e.g., ∂xφ, can be taken
as the coherent state. In the interacting field theory we don’t have such well defined coherent as
the generalization of quantum harmonic oscillator. In this section we would like the discuss the
local excitation by primary operators in general CFT in two dimension, which can also be taken as
generalized coherent state. To see this we need the radial quantization of CFT.
6.1 Radial quantization
This topic has been the standard contents in the textbook. For completeness here we list some contents
that we will use in the following. One theory is initially defined on infinite spacetime cylinder, with
t ∈ (−∞,+∞), x ∈ (0, L). In the Euclidian space this cylinder is described by the complex coordinate
ω = τ + ix. By the conformal transformation
z = e2πω/L, (73)
the cylinder is mapped to a complex plane, and τ → −∞ is mapped to the origin z = 0, the time
slice τ = C(C 6= 0) is mapped to a circle with radius r = e2πτ/L. We will construct Hilbert space in
the complex, and assume there is a vacuum state |0〉. The Hilbert space is obtained by application
of “creation operators” on vacuum state. The asymptotic state, which is defined at time τ → ∞ on
the cylinder, now reduced to operator a operator at the origin acting on the vacuum |0〉. We assume
there are a series of primary operators in this theory. Choosing one of these operator, e.g., φ(z, z¯)
which has the conformal dimension (h, h¯), we obtain the state
|h, h¯〉 = lim
z,z¯→0
φ(z, z¯) |0〉 . (74)
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For the free theory one could choose the operators Vα(z, z¯) = eiαφ(z,z¯) and define the state |α〉 ≡
Vα(0, 0) |0〉. The Hilbert space can be constructed by application a−n,a¯−n (n > 0) on such states.
The energy-momentum tensor is related to the generators of the conformal transformation Qǫ on the
complex plane by
Qǫ =
1
2πi
∮
dzǫ(z)T (z), (75)
where ǫ is an arbitrary holomorphic function. For any operator Φ(z)
δǫΦ(z) = −[Qǫ,Φ(z)]. (76)
The energy-momentum tensor can be expanded as
T (z) =
∑
n∈Z
z−n−2Ln, (77)
where Ln are the local conformal transformations on the Hilbert space, which satisfies the celebrated
Virasoro algebra,
[Ln, Lm] = (n−m)Ln+m + c
12
n(n2 − 1)δn+m,0, (78)
where c is the central charge of the theory. For the anti-holomorphic part we could define similar
generators L¯n, which commutates with the holomorphic ones, i.e., [Ln, L¯m] = 0. The global conformal
transformation corresponds to a subalgebra sl(2,C) of Virasoro algebra, which contain {L1, L−1, L0}.
The Hilbert space by application of L−n, L¯−m(n ≥ 1 m ≥ 1 ) forms a representation of Virasoro
algebra, which is often called a Verma module Vh,h¯. The state |h, h¯〉 is the eigenstate of generators
L0, L¯0, i.e., L0 |h, h¯〉 = h |h, h¯〉 and L¯0 |h, h¯〉 = h¯ |h, h¯〉.
6.2 Group coherent state and local excitation
Coherent states defined for compact and non-compact Lie group have been well studied by many
literatures[3][4][6]. The coherent states for quantum harmonic oscillator is one example. To construct
the group coherent state we should have a Hilbert space, and the representation of the group G on it,
which is denoted by T (g) for any g ∈ G. As the quantum harmonic oscillator we should choose one
reference vector |ψ0〉, e.g., |ψ0〉 in the quantum harmonic oscillator, in Hilbert space. Then choose the
subgroup G0 which satisfies
T (h) |ψ0〉 = eiφ(h) |ψ0〉 , (79)
where h ∈ G0 and φ(h) is the phase. The coherent state is defined by the element of coset space
G/G0, for z(g) ∈ G/G0 we have
|x(g)〉 = T (x(g)) |ψ0〉 . (80)
What we will use in the following is the non-compact group SL(2,C)/Z2, for the element g
g : z → az + b
cz + d
, with ad− bc = 1. (81)
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g is associated with a matrix
g =

 a b
c d

 . (82)
The corresponding algebra sl(2,C) satisfies the communication relation,
[L1, L−1] = 2L0, [L±1, L0] = ±L±1, [L¯1, L¯−1] = 2L¯0, [L¯±1, L¯0] = ±L¯±1. (83)
We review the fundamental representation of sl(2,C) in the appendix. The result is
L0 + L¯0 = Σ3, L1 + L¯1 = Σ1 + σ2, L−1 + L¯−1 = σ2 − Σ1, (84)
i(L0 − L¯0) = σ3, i(L1 − L¯1) = Σ2 − σ1, i(L−1 − L¯−1) = Σ2 + σ1, (85)
where the matrices σi and Σj are defined as (117). The matrix (82) can be parameterized as
g =

 1 0
z 1



 1 u
0 1



 ev 0
0 e−v

 , (86)
which can be expressed by the basis (117) as
g = ex(Σ1−σ2)+y(Σ2+σ1)eu1(−Σ1−σ2)+u2(Σ2−σ1)ev1Σ3+v2σ3 , (87)
where x, y, u1, u2, v2, v2 are real, z ≡ x+ iy, u ≡ −u1 − iu2 and v ≡ − 12 (v1 + iv2). The general group
element can be written as
g = ezL−1+z¯L¯−1euL1+u¯L¯1evL0+v¯L0 , (88)
where z¯, u¯, v¯ are the complex conjugation of z, u, v respectively. The Verma module Vh,h¯ is a repre-
sentation of SL(2,C) group. Only part of the states in a Verma module constitute the irreducible
representation. These state are the ones obtained by application of the operator L−1(L¯−1) on the
state |h, h¯〉, but not L−n(n ≥ 2). To construct the coherent state we need to choose a reference state
in the representation space. Here the most natural one is the state |h, h¯〉.
Now we turn to another different topic, the local excitation in 2D CFT, and see how to relate
it to the group coherent state. As we have mentioned in section 3 the local excitation of a primary
operator O is given by O(ω, ω¯) |0〉. If assuming the spcacetime is cylinder and making the map (73),
we obtain a state on the complex plane,
|z, z¯〉 ≡ O(z, z¯) |0〉 . (89)
The generator of the global conformal transformation L−1 has the following commutation relation
with the primary operator
[L−1, O(z, z¯)] =
d
dz
O(z, z¯), (90)
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also for the anti-holomorphic part. So L−1 and L¯−1 is the generator of translation on the complex
plane. We have
O(z, z¯) = ezL−1ez¯L¯−1O(0, 0)e−zL−1e−z¯L¯−1 . (91)
Thus the local excitation can be rewritten as
|z, z¯〉 = ezL−1ez¯L¯−1O(0, 0) |0〉 = ezL−1ez¯L¯−1 |h, h¯〉 , (92)
where we have used L−1(L¯−1) |0〉 = 0. For the representation of the SL(2,C) on the Verma module,
if we choose the reference state to be |h〉, the subgroup H whose element g0 satisfies
g0 |h, h¯〉 = eiφ(g0) |h, h¯〉 , (93)
is
g0 = e
uL1+u¯L¯1evL0+v¯L0 . (94)
The element x(g) of the coset space Mh = SL(2,C)/H is
x(g) = ezL−1+z¯L¯−1 . (95)
Therefore the coherent state for SL(2,C) in the Verma module is defined as
x(g) |h, h¯〉 = ezL−1+z¯L¯−1 |h, h¯〉 , (96)
which is just the expression (92). The local excitation of primary operator (92) can be explained as
the group coherent state for Mh⊗Mh¯ on the Verma module. The parameters of the coherent state is
related to the coordinate of the local excitation.
Unlike the coherent state for the quantum harmonic oscillator the coherent state (96) is not the
eigenvector of the generator L+1 or L0. On the other hand one could also use the definition of the
coherent state as the eigenvector of generator L+1, i.e., L+1 |z〉 = z |z〉. This state exists, but it is not
related to the local excitation of the primary operator.
The recent paper discuss the local excitation of descendant operator[16][17]. We could obtain such
coherent state by choosing the reference state smartly.
7 Entanglement property of the coherent state
In this section we would like to study the entanglement between the left and right side of the local
excitation position at t = 0. In the free scalar case the defined entangled coherent state (47) or
(62) do contribute entanglement, which is related to the entanglement between the left and right
moving modes. For the general rational CFT this is also confirmed in paper [11] by calculating the
entanglement and Re´nyi entropy. Physically we could explain the phenomenon as the local excitation
produces two quasi-particle, which move left and right respectively. The first thing we want to show is
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that the entanglement is only related to the state |h, h¯〉. It seems that these two parts are independent
with each others. But we can’t write |h, h¯〉 as a product state like |h〉 |h¯〉 for general case. Otherwise
the coherent state (91) or the local excitation (89) will also be a product state, thus the entanglement
entropy should be zero. One of the exception is the local excitation eiφ(x,t) |0〉, for which we could
write |h, h¯〉 ≡ limz,z¯→0 eiφ(z,z¯) |0〉 as eiφ(0) |0〉 eiφ¯(0) |0〉. The entanglement entropy is zero as expected.
For the general primary operator O(z, z¯) we can’t write it as O(z)O¯(z¯).
In the free theory the operators O1 = e
iφ(z,z¯) and O2 = e
iφ(z,z¯) + e−iφ(z,z¯) have the same conformal
dimension. Thus we can define two states
|h, h¯;O1〉 ≡ lim
z,z¯→0
O1(z, z¯) |0〉 , (97)
|h, h¯;O2〉 ≡ lim
z,z¯→0
O2(z, z¯) |0〉 . (98)
The entanglement between holomorphic and anti-holomorphic part of state |h, h¯;O2〉 is not zero, but
log 2. This entanglement should contain the information of the operator. We would like to show that
the entanglement of the highest-weight state |h, h¯〉 and the coherent state (92)are same. We assume
the state |h, h¯〉 is normalized. Schmidt decomposition implies that the state |h, h¯〉 can be expressed
as
|h, h¯〉 =
∑
i,j¯
ρij¯ |i〉 |j¯〉 , (99)
where |i〉 and |j¯〉 are orthogonal bases for holomorphic and anti-holomorphic states respectively, and
they satisfy
〈i| i′〉 = δii′ , 〈j¯| j¯′〉 = δj¯j¯′ , 〈i| j¯〉 = 0. (100)
Since L0(L¯0) |h, h¯〉 = h(h¯) |h, h¯〉, and L1(L¯1) |h, h¯〉 = 0, we also expect L0(L¯0) |i〉 = h(h¯) |i〉, and
L1(L¯1) |j¯〉 = 0. After application of ezL−1ez¯L¯−1 on |h, h¯〉, the relation (100) keeps the same. One
could check the fact by using the formula eL+1eL−1 = eL−1e−L+1e2L0 . So the coherent state has the
same entanglement entropy as the reference state.
The state |h, h¯〉, as the highest representation state in the Verma module, gives us nothing about the
entanglement property of the holomorphic and anti-holomorphic part. We will argue the entanglement
property of the state O(z, z¯) |0〉 is related to the structure of the correlation function of the operator
O(z, z¯). The higher-order correlation function is in general written as a sum of product of holomorphic
and anti-holomorphic functions. For the free scalar theory, the higher-order correlation function of
operator O1 = e
iφ is just a product of holomorphic and anti-holomorphic function, which is different
from O2 = e
iφ+ e−iφ. On the other hand we know the state O1 |0〉 is not entangled, which is different
from the state O2 |0〉. To see the relation of the two fact we need to know the OPE property of the
operators, which leads to the structure of higher-order correlation function.
7.1 OPE and local excitation
The local excitation is obtained by inserting a primary operator at point x on a time slice. One could
also insert another operator at the nearby point on same time, thus get a new state, which can be for-
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mally written as Oa(y)Ob(x) |0〉. More generally we have the state |Φn〉 = O1(x1)O2(x2)...On(xn) |0〉.
As we have noted the local excitation Oa(x) |0〉 can be seen as two quasi-particles which propagate on
converse direction. In the same way the state Oa(x
′)Ob(x) |0〉 can be seen as two pairs quasi-particles.
What we are interested in is the entanglement property between the quasi-particle pair. Since the
Hilbert space of the quasi-particles are increasing as we inserting a new operator, the entanglement
entropy S(|Φn〉 is also expected to be not decreasing, i.e., S(|Φn〉) ≥ S(|Φn−1〉).
The entanglement entropy is also expected to be a function of the operator, i.e., S(|Φn〉) = F [f(O1),
f(O2), ..., f(On)], where f : O → C, O is an operator. And it should also satisfy the additivity, which
means F [f(O1O2...On)] = F [f(O1)]+F [f(O2)]+...F [f(On)]. Physically this means the quasi-particles
pairs are independent with each others. The state |Φn〉 is direct sum of n pairs quasi-particles states.
The product of two operators in conformal field theory admits fusion algebra,
Oa(z, z¯)Ob(ω, ω¯) =
∑
c
gcab(z − ω)hc−ha−hb(z¯ − ω¯)h¯c−h¯a−h¯bOc(ω, ω¯) + ..., (101)
where gcab is the three point correlation function coupling constant, ... denotes the descendants. In the
same way one could write down the OPE of n operators. From the Hilbert space point of view, (101)
means the equality of the states LHS |0〉 and RHS |0〉. Thus the local excitation |Φn〉 is related to
summation of other states. We could describe the OPE more elegantly by abstract notation of fusion
rules, i.e.,
Oa ×Ob =
∑
c
N cabOc, (102)
where
N cab =


0, iff gcab = 0
1, others
. (103)
Note that the fusion numbers N factorizes as Nleft × Nright. When we fuse several operators we
are free to choose the order of the fusion. This is a consequence of the associativity of the OPE of
primary fields. The space of states that corresponds to the fusion process can be taken as a Hilbert
space. The order of the fusion can be seen as the choice of the basis of such Hilbert space. Different
basis can be related to each other by the fusion matrix. All these are just the property that should
be satisfied by the anyons, see, e.g., [29][30]. In some way we can take the local excitation as creation
of anyons, different operators correspond to different charge of the anyons. Two anyons can fuse to
other charges anyons, the fusion algebra behaves as the selection rule of the fusion process. We will
use the property of anyons to obtain the entanglement entropy of the local excitation.
Assume a physical process in which a pair aa¯ are created, where a labels the anyon, a¯ is its antiparticle.
The anyon could be self-conjugation, a = a¯. The quantum dimension da is an important concept of
the anyons a. 1/da is the amplitude for the annihilation of a and its antiparticle a¯. Thus 1/d
2
a is
the probability that annihilation occurs, denoted as p(aa¯ → 1) = 1/d2a[30]. This property could be
generalized to fusion process of two anyons, a and b. If the fusion rule is
a× b = N cabc, (104)
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the probability of the fusion ab→ c is
p(ab→ c) = N
c
abdc
dadb
. (105)
Since the quantum dimension has the equality
∑
c
N cabdc = dadb, (106)
the probability p(ab→ c) satisfies the normalization condition. For the local excitation operators we
only consider the class in which Oa ×Oa = 1 + ..., so the anyon produced by Oa is self-conjugation.
7.2 Entanglement entropy of local excitation
We consider the rational CFT and assume inserting n same operators Oa at some region and obtain
the state |Φn〉. The entanglement entropy between the left and right chiral sector of such state
S(|Φn〉) = nS(|Oa〉), where |Oa〉 is defined by Oa |0〉. By the OPE argument
Oa ×Oa...×Oa =
∑
b1,b2,...,bn−2,c
N b1aa...N cbn−2aOc, (107)
|Φn〉 is also related to the superposition of some fusion states Oc |0〉. It is not easy to write down
the OPE of the product Oa....Oa and get the exact states. Here we just assume the result state is a
superposition of the normalized state |c〉 ≡ NcOc |0〉 with the weight λc, where Nc is the normalization
constant, and
∑
c λ
2
c = 1,
|Φn〉 =
∑
c
λc |c〉 . (108)
The states |c〉 are orthogonal to each other. |Φn〉 can be explained as the state for n anyons with charge
a. These anyons fuse to other charges c, but the probability is not same for different charges(105).
This process is shown in figure 1.
One could divide the process into n− 1 times fusion, which are labeled as states
|aa→ b1〉 |ab1 → b2〉 ... |abn−2 → c〉 . (109)
These states constitute as the basis of the Hilbert space of the fusion process.
The probability of each fusion result is given by (105), each step is independent with others. Thus
the probability that |Φn〉 fuses to a fixed |c〉 is
p(aa...a→ c) =
∑
b1,b2,bn−2
N b1aadb1
d2a
× N
b2
ab1
db2
dadb1
× ...× N
c
abn−2
dc
dadbn−2
=
∑
b1,...,bn−2
N b1aa...N cabn−2dc
dna
. (110)
One could see from (108) λ2c = p(aa...a→ c). Now it is ready to get the entanglement entropy of the
RHS of (108). Let’s denote the entanglement entropy of the state |c〉 as S(|Oc〉), the result is
S = −
∑
c
λ2c logλ
2
c +
∑
c
λ2cS(|Oc〉). (111)
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Figure 1: The fusion process
We argue that the entanglement entropy of LHS of (108) is nS(|Oa〉), which is only depended on Oa.
So S can’t depend on Oc. Let’s rewrite (111) as
S = nS(|Oa〉) =
∑
c
∑
b1,...,bn−2
N b1aa...N cabn−2dc
dna
(S(|Oc〉)− log
N b1aa...N cabn−2dc
dna
). (112)
For rational CFT N = 1 if the fusion process could happen. Note that for the fusion process (107),
one has
dna =
∑
b1,...,bn−2,c
N b1aa ...N cabn−2dc. (113)
Thus the solution of (112) is
S(|Oc〉) = log dc, S(|Oa〉) = log da. (114)
This is also consistent with our previous conclusion that the entanglement entropy of the local exci-
tation should only depend on the information of the operator.
Let’s comment on the proof before we turn to an example, the Ising model. Since the local excitation
is usually ill defined one has to use some method to regularize such state. So the n product state
|Φn〉 also needs some regularization. In principle by suitable regularization one could write down the
OPE of the n product operators, i.e., RHS of (107). Thus the weight λc of the state |c〉 could also be
obtained, which should be related to the OPE coefficients. Here we just assume the local excitation
behaves as the anyons, and use the fusion probability. We expect it would help to find a suitable
regularization method to define the n product state |Φn〉.
The solution (114) relies on the fact N = 0 or 1 for rational CFT. For some theories this will not be
true. It is not easy to find such simple solution (114).
7.3 Ising model
The critical Ising model in 2D can be described by the simplest nontrivial unitary minimal model,
M(4, 3) . There are three primary operators in Ising model: the spin σ, the energy density ǫ and the
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identity I. The quantum dimension of σ is
√
2, and 1 for I, ǫ. The local excitation of σ is a nontrivial
example to check the result in sect. (7.2). In this section we would like to use another view to get
the entanglement entropy for local excitation of σ. The Ising model can also be described by a free
massless real fermion. In term of the Fermion field the spin operator is nonlocal. But one could start
from two decoupled Ising model, which are equal to free massless scalar theory(12). The product of
the spin operators σ1(x)σ2(x) is related to the free massless scalar theory as
σ1(z, z¯)σ2(z, z¯) = sinφ(z, z¯), (115)
where σ1, σ2 are spin operators of the two decoupled Ising model, φ(z, z¯) is the free scalar field. The
entanglement entropy of the operator sinφ ≡ (eiφ−e−iφ)/2i is log 2 as we have shown in sect.(5). The
entanglement of the state σ1σ2 |0〉 is equal to 2S(σ1 |0〉). Thus the entanglement of the state σ1 |0〉 is
log
√
2, this is consistent with our general result (??). Similarly, the product of the energy operator
can be expressed as
ǫ1(z, z¯)ǫ2(z, z¯) = 4∂φ∂¯φ. (116)
The entanglement entropy of the state ǫ1 |0〉 is 0, this is also consistent with the fact dǫ = 1.
8 Comment on the holographic view
The radial quantization can be used for any dimension CFT [26]. Thus one could construct the
correspondence between the local excitation and coherent state in any dimension. Here we still focus
on the 2D CFT, with the dual 3D gravity theory. Recently many authors study the correspondence
in CFT of local excitation state of the field theory in bulk. Our question here is actually converse to
theirs, i.e., what is the correspondence in the bulk of the local excitation in the boundary CFT. The
coherent state behaves as a the most classical state as we have mentioned[5][19][20]. In AdS/CFT
the CFT has a classical gravity dual, in the leading N order, the physical qualities are expected to
be related to the geometry in the bulk spacetime. The bulk and boundary have the same symmetry
group, e.g., in the 2D, the global conformal transformation SL(2, C).
The primary state |h, h¯〉 ≡ limz→0z¯→0O(z, z¯) |0〉 has the energy E ∝ h+h¯. It should be an eigenvector
of the dilation generator D. In the bulk the dilation operator is actually the Hamiltonian. The
translation operator Pµ and special conformal transformation (SCT) operator Kµ behaves as the
raising and lowering operator of the energy. One could solve the Schro¨dinger equation of the particle
of mass m in AdS spacetime. The lowest energy state |ψ0〉 should satisfy the constraint Kµ |ψ0〉 = 0,
the same constraint also appears in Hilbert space related to primary state |h, h¯〉, L+1(L¯+1) |h, h¯〉 = 0.
The object at rest in AdS with suitable mass m is expected to correspond to the primary state |h, h¯〉
in boundary CFT [27]. The local excitation in CFT at any point can be constructed as the coherent
state of the group SL(2, C)/Z2 choosing the reference state |h, h¯〉. The corresponding bulk state is
just the similar coherent state constructed by the bulk symmetry group choosing the reference state
as the stationary particle. Thus the time evolution of the local excitation in CFT is related to the
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particle motion in AdS. The model that constructed in paper [28] realizes the property we expected.
But it is still interesting to investigate the detail of the correspondence, such as the relation between
mass m and the conformal dimension h. We will work more on this in the future.
9 Conclusion
In this paper we investigate the coherent state and local excitation in 2D CFT. We find the relation
between the local excitation and a group coherent state. For rational 2D CFT we obtain the entan-
glement entropy between the left and right sector for local excitation of a primary operator Oa, which
is related to the quantum dimension of this operator. The result is consistent with the calculation by
using the replica trick. Our approach is based on the assumption that the local excitation behaves as
the anyon. This is reasonable since the operators have the similar fusion relation like the anyons. This
approach is simple and more physical. In principle one also could use this method to find the result
for theories beyond rational CFT. In some sense our method also confirm the similarity between the
local excitation and anyon. It may be interesting to use the local excitation to imitate the anyon in
field theory. Many topics related to anyons are worthy to investigate in such system.
The relation we find between the local excitation and a group coherent state is more than a mathe-
matical equality. When considering the gravity dual of local excitation, we believe it provide a new
view on this. Since the symmetry of the bulk and boundary CFT is same, our definition of the local
excitation by a group coherent state can be translated to bulk directly. The coherent state usually
behaves as the “most classical” state in a quantum theory. The AdS description of the boundary
CFT actually is a classical system in the leading N order. It is interesting to investigate whether a
properly defined coherent state in the boundary CFT should have a correspondence in its classical
gravity dual.
Besides these we also study the so-called Glauber coherent state in 2D free boson theory. We study
the property of the coherent state, and the entangled coherent state, which evolutes under the free or
time-dependent Hamiltonian (23). We also define the deformed local excitation, which is generalized
concept of local excitation. Using this state we study the entanglement entropy of (61), we also show
that the violation of Bell inequality of such state. For the general CFT one can’t explain the entan-
glement as bipartite system, since the maximal entanglement entropy of bipartite system is log 2. In
many theories one could find operator with quantum dimension da ≥ 2. It is a challenge to prove the
violation of Bell’s inequality for general case, since it is expected to be n-partite entanglement.
The concept of the coherent state in field theory is not new, but the entanglement property of the
coherent state, and the possible gravity dual of the coherent state is quite interesting topic. Recently
the entanglement property of boundary state in CFT is investigated in many papers, such as [31]-[35].
At least for the free scalar or fermion the boundary state is one kind of coherent state[31]. For the
rational CFT the universal term of the left and right entanglement is also related to the quantum
dimension[32]. It is also shown in [33]-[35] one kind of the boundary state corresponds to the trivial
spacetime. It seems there are some relation between such different concepts. The coherent state may
22
be a key point to understand this.
Acknowledgement
We are grateful to Song He, Miao Li, Masamichi Miyaji, Tokiro Numasawa, Tadashi Takayanagi
and Kento Watanabe for useful conversations and discussion. Specially we would like to thank Tadashi
Takayanagi for pointing out some mistakes. We thank Miao Li, Tadashi Takayanagi for their en-
couragement and support. The author is supported by Postgraduate Scholarship Program of China
Scholarship Council.
A Group SL(2,C)
In this appendix we review some properties of group SL(2,C) and its fundamental representation. In
the fundamental representation SL(2,C) is the non-degenerate complex matrices with unit determi-
nant. The dimensions of the group is 6, and the Lie algebra consists of traceless complex matrices.
The real group SL(2, R), which has the dimension 3, is a subgroup of SL(2,C). One could choose the
following basis for the Lie algebra of SL(2,C) in the fundamental representation,
σ1 =
1
2

0 i
i 0

 , σ2 = 1
2

 0 1
−1 0

 , σ3 = 1
2

−i 0
0 i

 , (117)
Σ1 =
1
2

0 1
1 0

 , Σ2 = 1
2

0 −i
i 0

 , Σ3 = 1
2

−1 0
0 1

 .
One could check the commutation relation
[σi, σj ] = ǫijkσk, [σi,Σj ] = ǫijkΣk, [Σi,Σj ] = −ǫijkσk. (118)
The algebra associated with the global conformal group of 2D CFT is generated by L−1, L0, L1 and
L¯1, L¯0, L¯−1, which satisfy the commutation relation
[Li, Lj] = (i− j)Li+j , [L¯i, L¯j] = (i − j)L¯i+j , [Li, L¯j] = 0, (119)
where i, j = −1, 0, 1. In the fundamental representation the generators Li andL¯j can be expressed by
the basis (117) as
L0 + L¯0 = Σ3, L1 + L¯1 = −Σ1 − σ2, L−1 + L¯−1 = Σ1 − σ2, (120)
i(L0 − L¯0) = σ3, i(L1 − L¯1) = Σ2 − σ1, i(L−1 − L¯−1) = Σ2 + σ1. (121)
One could check above relations by (117) and (119).
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